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IV. On Infinite Series. By Edward Waring, M* D. F, R, S. 
Lucafian Profeflbr of Mathematics at Cambridge. 



Head December 15-, 178^. 

r. T N the Paper, which the Royal Society did me the honour 
X to print, on Summation of Series, is given a method of 

finding the fum of a feries, whofe general term f q") (where 

'g is a fraction reduced to its loweft terms) is a determinate al- 
gebraical fun^ipn . qf the quantity (ss) the diftance from the firft 
term of the feries, which always terminates when the fum of 
the feries can be expreffed in finite terms. 

2. The terms pf every infinite feries rnufi: neceffarily be 
given by a function of z, or by quantities which can be re- 
duced to a function of z. 

S.LetQ^AxA'xA^x ..A^xBxB'xB'** ...B' w xC 
CxCx . . C'x&c. where A', A'\ A' 3 . . . A'% are fuc- 
ceflive values of A ; that is, refult from A by writing in it for 
% refpecYivelyz^ 1, z+ 2, 2 + 3, . . %-\-n ; and B', B / • % B' • ?, 
B"% refult from B, by writing in it for % refpectively % + r , 
»+2,2+3» ...%.+,m\ butBis not afucceffive , value of Aj &c. 
Let the numerator P = E . E' . E n . . E 1 *- 1 . F . F' '.. F /x . . . F 1 • *-* 
x L ; E', E" . . E 1 *- 1 j F', F' •* . . F«*~', &c. denoting fuc- 
cefftve values of the quantities E, F, &c. refpectively ; and L, 
admitting of no divifor of the formula K x K', where K/ is a fuc- 
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82 Dr. Waring on 

ceffive value of K ; let L = AxBxCx&c.xE lJ xF' , x &c. 

x p' xq' xr' x Sec, - A IW x B Im xC"x &c. x E x F x &c. x p x 
q x r x &c. where p r , q', r\ Sec. are irrational quantities and 
fucceffive values of/, q, r, Sec. The factors A B, C, &c. E 1 *, 
F 1 *, &c. being given, the factors/', q', r' ', Sec. into which they 
are multiplied in the quantity L will eafily be deduced by de- 
ducting the preceding irrational factors contained in A, B, C, 
&c. E 1 *, F lk y &c. from the correfpondent irrational factors con- 
tained in L ; and in the fame manner, from t<he factors A 1 ", 
B"", &c. E> F, &c. can be deduced the irrational factors of the 
preceding p, q, r, Sec. 

Afl'ume for the fum of the feries fought the quantity 

ExE'xE" ■.E' i ~'xFxF'..F' i "x8te. 

A . A' . A" . . A I "~ I xBxB'xB I,a ..B Im "~ 1 xCxC' . . C'/'-'x&c. 

xpxqxrxs x Sec. («z % ' + /3^ m ' _I + yz m '— l + Sec.) = V ; where 
m' is a whole number, and «, /3, y, Sec. are co-efficients to be 
iuveftigated ; write in V for % its fucceffive value z+ i, and 
let the refult be W ; reduce the difference W — V into a fraction 
in its loweft terms, and make the co-efficients of the correfpon- 
dent terms of the refulting fraction = (W - V) and of the given 
fraction equal to each other, if poflible ; and thence may be 
deduced the fum of the feries required. 

4. This feries will terminate if the fum fought can be exprefled 
by a finite determinate function of % ; if not, it will proceed 
in infinitum, and may be expreffed either by a feries afcending or 
defcending according to the dimenfions of z. 

5. If any factor, A or B, or C, &c. have no fucceffive one in 
the denominator ; or if the greateft dimenfions of z in the de- 
nominator be greater than its greateft dimenfions in the nume- 
rator by 1 , then the fum of the feries is not a finite algebraical 
function of %. 

6. If 
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6. If in the denominator are deficient fome intermediate 
fucceffive factors, multiply both the numerator and denomina- 
tor by thofe deficient factors, and they are fupplied : for exam- 
ple, let A x A'" x A'"" x &c. be factors of the denominator, 
in which are deficient the factors A', A", A"" 9 &c. multiply 
both numerator and denominator by the content A' x A" x 
A"" x &c. and they are reftored. 

7. If in the denominator is contained the content 

A'x A'Va v ' . . A //s = H, in which x is the leaft of the in- 
dices /, /', /", &c. : affume A* x A /X x A //X . . . A 1 *"" x ' « = H, 
and in the fame manner reduce the factors in a ; then affume 
for the denominator A x x A /X x A /A . . . A'" -1 * x &c. : for exam- 
ple, let the contents be A J x A /s x A" z x "" X &c. ' = H, then is 
2 the leaft index, and confequently the content reduced as be- 
fore taught will be A* . A" . A' /s . A W! x«=A J . A n . A"* . 
A"' 1 x A . A' . A"' x A n . A" /% ; but between the factors A' 
and A'" is deficient the factor A" ; and between the factors 
A'* and A"'* is deficient the factor A" z ; multiply the numera- 
tor and denominator of the given fraction by the deficient 
faftors A" xA m ; affume for the denominator A z . A /z . A" 1 . 
xA.A'.A^x A /z . A' n x &c. = A 3 . A /5 . A //5 x &c. &c. : 

8. If the greateft index of the content H is contained in one 
factor only, then the fum of the feries cannot be expreffed in 
finite terms of the quantity %. 

9. The fame may be applied to the contents of the feyeral fuc- 
ceffive values of the quantities B, C, Sec. in the denominator.: 

for example, let the general term be t >2 . 3 \^Z^ XK ; multi " 

ply it into z- 1 to compleat the deficient term, and it refults 

M 2 1 
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■> — ^^ — f ; affume, by the preceding method for the fum of 
the feries the quantity "- --v- > - . * , - M :f . .r , , , ■: -, of which the fucceffive 

term is -y and their difference ■ — ■ - — - 

1.2.3..Z 1. 2.. % — 1 1. 2.. 3 

•=a' -—-~ ' — — the given term. 

2. Let the term be Ne* and £ lefs than 1 , which is the term 
of. a geometrical feries ; then will the fum of the infinite feries 

be ~—x^ beginning from the term whofe diftance from the 

firftisz; for the difference between the two fucceffive fums -rs 

JL. ( e *_ e *+ x ) » Nif* the given term. 

3. Let thegeneral term be (g£g±^^±l> x **+i ; affume 

for the fum of the feries the fubfequent quantity (24- 1 . z+ 2 . 
55+3 . • » + ») _I X^X (i*''V.J& +V 5 " . . a*— 1 ) and by the 
preceding method the co-efficients a, /3, y, &c. may be found: 

the fum is known to be = JL. x>- +1 + -?- X** + * +— - X e*±* 

SS+I SJ + 2 * + 3 

; . _£_£*+» which can eafily be reduced to the preceding 
formula. 

T' — T PQ' QP' fcM *_• 

If the general term be —— rp or ^: / ; where T and T", 

P and P', Qjmd Q^, are fucceffive terms ; then will the fums 

of the feriefesbe — or — properly corrected. 

10. If the function expreffing the general term contain in the 
denominator a factor or factors, which have no fucceffive one; 
reduce the factor or factors into an infinite feries proceeding 
according to the dimensions of 2, and thence, by the method 
before given, find the fum of the feries. The fame method 
4 may 
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may be purfued, when the denominator of a fluxion, which is 
a function of x multiplied into x contains thd fimple power 
only of a factor or factors ; reduce the factor or factors into an 
infinite feries, proceeding according to the dimenfions of x, and 
by the known methods find the fluent of the fluxion. 

1 1» The fluent of the fluxion or fbra of the feries may be de?> 
duced alfo from the fubfequent propofitions, from which may 
be inveftigated many feriefes, whofe fums are known. 

i. Let/P = Q?, ?Q = Rr, rR = Si, jS'=T/, &c; thmfPp** 
*• Q^ + Rr — Ss + Tt — &c. if only the feries converges. 
2. Let j&P'rh/P'^Qy, qQ!+g'<X+=Rr', rR' + r'R'rr 
S/, jS / + /S^=T/ / , &c. where P',/, Q', .?', &c. denote the 
increments of the quantities P, f, Q, q, Sec. refpectively, then 
will the integral of the increment (P/) = Vp - Qg + Rr - Sj + 
&c. if only the' feries converges. 

Ex. 1. f x -*x=rJLL = JL (_L_ + B _±^A + — B+l±i' 

J *s x »+m x "—i \m+i r' + i s' + i t'+l 

C+2+£D + &c.) ===1— ; whence _1_ = _i- + l±f x -1- 

T+i ' j-W""" 1 l ~ n m + I r + 1 w+i 

« + r_ x H + « x _J_ &c< j n ^. g exa | £ pstxmj. PzsX-"-\ 
s+i r+i m+.i k . r. ? » 

■m * 

g-zzafi, Q=Ar-*- r V r=r;v , x, &c. 

A ,»+»- ^ »2 — » — r+ I 

/_JL + _J x ^±I + ^_.Ltl.l±!±i + &c); whence 

\m+i m+i m+z m+i m + 2 »* + 3 ' 

JL. + J± r A + w+r+I B + &c In both thefeexam* 



pies the letters A, B, C, &c, denote the preceding terms. 
Ex.2. /*-!*.. = — ( - - — + — v 

4-&C.) 
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12. Let the general term of an infinite feries be 

A ■ ' 

S5+« . Z + a+l . X + a + a ..!5 + « + «XZ + |3.aS + |3+I .Z + ^+4.. K+(3 + 

(SXz+y • z + y+i . z+y+2 . . x+y+rXz+J . 2+*+ 1 . Z + 2+2 ,. ., 

-" ■ . — r—; where #-/3, a — y, /3 - y, &c. are not whole 

numbers ; the fum of the feries can always be expreffed 

in finite terms ; if the fum of the fractions x 

i . 2 . 3 . . n 

i 

J3-~x . /3— a+i . |3 — qi + 2 . . g— a +m xy — « . y — <* + i . y — <* + *.. .y—<* + r 

I 

_ ; ^_ — v 

X £— a . &—«.+ i . $—a+2 . . S—a + sX &C» I X I . 8 . 3 . . »— I 

I 

(3— <*— i . (Z — a .8— a+ I ,/3— »-(•-*•• .(3 — <*-f-*» — I Xy— a— I .y— a.y — <*-J-| 

; ', 4. 

. . y_os + r— I xJ- <* — I . i— a.* — a+I • . *— « + J— I X &C. 



I . 2X I • 2 , 3 . . » — 2 8 — a— 2 . #— a- 1 . £-* . #-<*+ I • • |3-a + »-2 X y-oe 
— 2 . y-a-I .y-» . . . y-a+» — 2 X J — a— 2 . S-a—l . i—a . , 2— a. + n — 2 X &C, 



"■ I . 2 . 3 X I • 2 . . n — 3 (3— a — 3 . ^— a— 2 ..#— *+»— 3Xy— a— 3 " y— 

. ..._L__ x 

a— 2 . . y— « + »-3X^-«-3 . ^-«-2 . . ^-a+^-3X&c. ""1.2.3../2 

@—u — n , @—a—n+ 1 . .(3— a — »+«Xy— «— » . y— a — «+ I •• y— «— »+rX 

. x 



S— a — n. 2— «■ — n+ 1 . .2— «— «-J-jx&c. ' 1 . 2 . 3 . . m a— # . a— /S-}- 

I~ a-/2 + 2 . . «-i3 + 7»Xy-|3 . y — (3+ I . . y— jS+rX*— (3 . J-/S+I 

I v__ * 

.2-^ + 2 ..i-gfiX&C. I XI .2.3.. m—l a — /3— I . «— 0. .a — + 

■«.— I 



»- 
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1 

l.Xy-ff- 1 .. y-|3<. .y— |3+r- i X ?— i§- I * i-0 . ,2—0 + s— I X|&c. "f- 



1 X- 



I * 2X I ' ; 2 : . 3 . ' . m-^-2 a. — 0—2, . a — 0—1 .a — . .a — (3-f«— 2 Xy— (3— 2 

I 



V: 



.0_, . . y _|3 + r-2 x J-/3-2 . J— 0- 1 . . ^-(3 + i-2 x &c. 



x ' l 



1.2 .3XI . 2.3.. m— 3 a— |3 — 3X«- £— 2X« — — I . . a— (2+«— 3 X y— 

■ ^1 

0-3 • 7-/3-2 • y— 0— 1 . . y— 0+r-3X^-/3— 3 . . J-/3+j-3x&c~ " * * 

X 



2 . 3 .4 . . m a.—0—m . <*— (3— M-f-i . . a — 0+n-^-m xy—0—m . y— #— 



1 



m+ 1 . . y— 0— »2 + rx^— /3 — w . , *— 0— »/+ 1 . . i — — rn+sx &c. """ - 



1 X 



1 . 2 . 3 . . r « — y . <* — y+i . . «— y+» X #— y . /3— y + I . /3— y + « 

X^y^-y+..^-v + ^ & c. - &:c - = » &c ' = °' or > to ex P lain 
it otherwife, affume the quantities a, « + i» « + 2, a + 3, . . . 
« + «; |3, j3+i, j3+2, . . + m; y, y+ 1, y + 2, . . y + r ; 
J, £+1, $+2, ,.£+/; &c fubtraft one a from all the re- 
maining quantities «+i, « + 2, . « + »; /3, /3+ 1, . . jG+w; 
y, y+ 1, . . y'+r; 3", £+ 1, . . £+ j; &c. and multiply all the 
differences refulting 1 > 2, 3, * . » ; /3 - a, /3 — a + 1 , . . ~ « + m j 
y — w, y — a-f I» .-'.■ y— a +2, *.y — #+>*; £ — «, S— a+I,.. 
g_ a -M, &c. into each other, and call the content/ '. In the 
fame manner fubtracT: «+ 1 from all the remaining quantities «, 
« + 2, a +3, ..«+«;.& /3 + l,../3 + w; y, y+ I, . . y + ^l 
£, S+*» . . J+j; &c; and let the remainders- 1,1,2,3, . . n— 1; 
j3 — a— I, jG — a, iS~-<sj+ I, . . /3 — os + «— I ; y — a— I, y — «, 
y — «+ I,..y — • a-\-r — 1;^— a— l-£ — a,^— a+ I,.. S — u + s — I, 
&c. be multiplied together, and their content be called p tt+T . 
In the fame manner fubtracT: 05 + 2, a + 3, . . a + n refpectively 
from all the remaining quantities, and let the differences re- 
fulting 
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fulting be multiplied together, and their refpe&ive contents be 

■called j0«+% jH-J, p*+4, . .p"*"; then, if the fum of the feries 



can be found, will — 4- — —• + -i~4- -4- • • . — ^-=o. 

pa pa-\-l pK+2 /* + 3 paJf-n 

In the fame manner fubtract. #,$•+• i» jQ + 2, . . /3 + «* re- 
fpettively from all the remaining quantities, and multiply 
their refpe&ive remainders into each other, and call their con- 
tents refpe&ively $*, f+ J , ^ + % . . ^+ w , then will I-4._l_^; 



= o. 



p@+2 p& + m 

Subtract y, y+i, y+2, • • yk-f refpe&ively from all the 
remaining quantities, and multiply their refpective remainders 
into each other, and call their contents refpe&ively /y, ^y+% 

p*\ . .p?+ r ; then will —+—i- + —i- . . — 2-=o. 

t ' -r pv py+i py'+2 pY+r 

Subtract S, $y- r, $+ 2, . . j'+vj from all the remaining quan- 
tities, and multiply their refpe&ive remainders into each other, 
and call their contents refpe'tYively p\ »j& s + x , ^+%^ J + f ; then 

^Kp+]kri+pir2 + ^+s^ o; aiu3fo oni and » «**»<*'A 

if the fum of the above-mentioned fra&ions be reflectively = © ; 
then the fum of the feries, whofe general term is the given 
one, can be found; other wife not. 

13. If the fum of the feries, whofe general term is 

1 

'■ " ■ " ' ' 1 ," ' ' ""' "' ' •— • ■' ■ 1 ' " n i i- i " ' ' 1 ' •■" r 1 1 i » -,--;. mrv .I- 

% + a . aj+a-j- 1 . . z+*4-«xz+/S . z + (3+i . . ss+j9+»2 xz-\-y . z+y+i . . 

,- , :., — — - 1 ■■■ : ■ rxrrz — — : 5 - . - .: — *??■, can be found in finite 

terms ; then the fum of a feries, whofe general term is 

a% + bz — ^£5 — ±£f: (where / denotes an affirmative number) 

can be alfo expreffed in finite terms. 

14. Let 
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i4.LetA x * + .''»"+> '. * + ?xs+« x &c. +B x z + «XHy- 
#+T. "*+s . &c. + C x* + « . z+ffxz + i .*+«'. &c.-+ D x 

sHr« . "IsTJG . « + y X » + s • &c. + Ex« + a»».+ /3 .« + >.. * + l ; 
X&c. = i, whatever may be the value of z; then will 

X -rt. . ' t ■ p _ ■, x 

A = ,3_«. y .-*.£-c*.&c.' ~~ «-j3.H3 . $-& .&L& ** e.-y . 0-y . *-y . &C. * 

Di = - -*./J_*. y -*.&c.'» &C * 

15. Let the general term of a feries bei-xr% where e is lefs 
than 1 ; the fum of the feries can be expreffed in finite 



terms, when the above-mentioned quantities -r+r-TT + r-r* 

1 i_ ■ L ' " — 

pT e » .1 7 g a i? ■ /* 

1 a. _£_ J..JL _£_=o * ■ L. + JL + * 3 



-1— ss 0, &c. = o. This never happens unlefs e * 1, 

16. If the general term be any rational function of % into the 

. - „ . az ! -\-B%~" J + e%'" z + &c. 

exponential f, viz. -— . _ w , = g =r* 

«-}-« X2 + K + 4 X»+*+* X&C. X2 + /3>« 

X <?* * K, 



a+F+P 8 X zTI+T'" X&c.Xa+y" x x+y+F' Xz+y+^" r X &c. 

where £, A', A", &c. £, #, £", &c. /,■», w', z»", &c. 0, »', a", 

&c. r, r', r", &c. &c. denote whole numbers, and neither. 

Vol.LXXVI, N «-0 
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a- /3, nor a ~% nor j9 - 7, &c. are whole numbers t let ^ be 
the greateft of the indices m, m', m", &c. ; n the greateft of, 
the indices », ».', »",-&c. ; r the greateft of the indices r, r', r'% 
&c. ; then, from the fums of the feriefes given, whole general' 1 

■ » 8 ss k ' as 

* tf « « * 

terms are , --— • , ~r> • • • 7 — ; — r^» —r— ? 



„ — _, , — ,. , ■ -,...——, &c. cam 

be deduced the fum of the above feries, whofe general term is 
given above; multiply each of thefe terms into unknown co- 
efficients e r ,f, g, h, &c. ; then reduce them to a common deno- 
minator, which is the fame as the denominator of the given 
general term, and add them together, ami make the correfpon- 
dent teems of the. fum refulting equal to the correfpondent 
terms of the numerator az'+l>z u - l + cz l — z + 8tc. of the given 
general term ; and from the equations refulting can be deduced' 
the co-efficients <?',/, g, h, &c. andthence from the given fums 
the fum of the feries required. 

Approximations to the fums of the feriefes may Be deduced 
from the methods given in the Meditationes Analytica. The fum 
of fome few cafes have been given from the periphery of the 
circle: for example,, when a and m are whole numbers, and 
ezz...i%. or, more particularly, when m-2 and <?=f, and 
fame other particular cafes, which may be with nearly the 
fame facility calculated- from approximations; the cafes given 
indeed are. fo. few,, wilefs when r~ 1 , that they, can very rarely 

be -applied. 

17. If the dimenfiOns of z in the numerator be equal or'greater 
tljan its dimenfiOns in the denominator ; that is, / be equal oc> 
greater than m ±m' + «»" + &Cf +n +/ +n // + kc.+r±r[^r^ 

d£- 
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-J-&C &c» reduce the fra&ions to a mixed number, fo that the 
dimenfions of z in the numerator of the fraction be lefs than 
"its dimenfions in the denominator, and the integral part be 
Ae" + Bze* + C%V + Ds V + . . . Hz 1 ***: the fum of the infinite 
feries whofe term is Ae* + Bze* + Cz V + DzV 3 + Ez V + . . , 

+ H*V=-£- + Bf-i- 2 --i-)+C,r-l^-3 ~) +Ve 

■ l-e T \ (»-<?) 1-eJ \{i-e) (i~*)V 

(LiL^.I+1^4' )+E^LLii3^^ &c .), thefum 

V, (1 — *) 4 (1 — ^) (1— <?)V v (1 — ^) 5 ' 

of a feries (whofe general term is z m <?*) = L'. 2 : 3 '4- » • ™ e _ 
v & J (i-0"' +I 

io»» — t ___ r Q m — 1 Tom— z z _« — 1 



. s »-i 'S—xT-'-'s 



I . 2 .3 . .*W-I*+^ : — XI. 2.3. w-2.^ 



(1-*)" 0-«) 

L 



, -— ,X I . 2 . 3 . . «-/&- 1 . . . =!=-—, whereLis 

(I— £) V*"" «/ 

equal to the fum of all quantities of the following fort, 
"S""" 1 X ^S" , ~ a ~ I ^yS w ~ a— ' 3— r X t S w-a ~~ P-v- 1 x 'S* - a ~ P— r- } — r j< & c . 
where a, /3, y, £, &c. are whole affirmative numbers; (in the 
preceding notation by *S ? is defigned the fum of the contents 
of every <n- of the following numbers i, 2, 3, 4, 5, . . . «) • 
and a + /3 + y 4 J+ s + &c = b + 1 ; the -above-mentioned pro- 
duel "S"'- 1 X ^S" 1 -*- 1 x &c. is to be taken affirmative or nega- 
tive, according as the number of letters «, j3, y, 5, &c. is even 
or uneven. 

The fum of the feries z m x e* may alfo be found by afTumiiig 
for it (az m + bz n - 1 + cz m ~*+dz m -i . . . £)e*; then, finding its 

fucceflive term (#xz+J e + iz+ t e + cz+i e+ &c>) e* f 
and taking the difference between it and the affumed quan- 
tity, there refults (axe- 1 z m + mac + be- 1 z"*— 1 + &c.) e* ; 
by equating it to the given term • z'V 3 are deduced the fub- 
fequent equations axe-i=zi, mae+fc~ 1 =o } &c. whence 

N 2 a^s 



'9* 
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^ -- _L ... £ = • JL - ma r &c. 

e—i e 

If e = 1 » then affume ^2 W + 1 -friz* + &c. for the fum 
which rule was firft taught by M. J. Bernoulli. 

If the term be %1'f b * ;, for/* fubftitute *,. and there refult& 
&>* e* the fame as before. 

18. Let P = A + Bx" + C*" + I>*3« + &c. then will 

the fum of the feries — «•■■ r~r*zr * , « . * . c 4-i 

a . p . y . # . &c. »■+« . p+b • y+» . «c *' 

QxZ " L&C - ' V P _ * I ' l j 

«+2» . |S+.a«. y-fc2» . &c.~ ' "~«/-!y£, &c. <* */3_«'; y — «* 

J- . x&c.*-"/^--^ . -i- ..-£- . ~ ..Sccx-P fx?p — 

4_« «/ * <3 «-/3 y-/?: <r_/3 y ^ 

y a — y /3—.y tf-.y •*■■ *- 

This may. be proved from the fubfequent arithmetical propo* 
fition — ... 2 — . - — ... r— . &c. + 5 . — - ~ . — - . ~JL ».&c. %* 

« (3 ...» y-« J— « «_ $ y—0 5-/3 

I I I I _o_. , I I I I o 

**- • ; • 3 — ■ • T~ ~ • «*» "P.- -:- • - — 5 • 7; — « » >v • etc. rs 

y «-y (3 — y 5~*y £ a — tf &—* y~-J 

' ■ I- 

« . @ . y . J . &C * 

1 9 , Let the general term of the above-mentioned feries A -f- B»< 
'+ Cx™+ &c. be H*'*" ; then from the fums of the feries f, and 
the fluents of the fluxions x*fy, x^f, x^p, x*p, &c. being given 
there follows the fum of a feries, whofe general term is 

In ., t h — I , c J n ~ 2 '. Sec 

~- — --xT-z — tz — ttzttt x H^%,. where. / denotes a whole, 
number. 

tl- tt m-~l #2-2. m— z m—-\ »2 — 2 

It tl^m ..—. — ...-^-~. . .... , or sum.-. — .. — - • ; ; 

2. 3 2 + 1 23 

P-^- ■',, where / is a whole number^ and m, «(, jG', ^ / , &c. are 

either, whole numbers or. fractions whofe denominator is 2, and 
a ■=z.ci : n i /3 s-./Q'w, &c. the fum of the above-mentioned feries can be 
found by finite terras, circular arcs and logarithms* If 
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Ff H - ffrrrrr g or = rra.V^ ' and ^ *' 0i?1 &0, whob 

numbers and » =r i ; then can the fum of any feries of the above- 
mentioned formula be found in finite algebraical fun&ions of x %) 
and- the circular arcs and logarithms of them.. 



i^MlaaHH 



V A R T tE 

r. THE doctrine of proportional parts was probably very? 
early known in the aera of fcience ; for when men could not: 
find the exa& value of a quantity, they were induced to find; 
aear approximations by trials, and from thence, by proportion, 
an approximation frill nearer : which method is commonly 
denominated the Rule of Falfe. 

This was often found to deviate considerably from the exacfc 
value; and the" fame operation was repeated, which frequently 
produced a nearer approximate value, and fo on. 

This method of approximations, the raoft general yet 
known, has been ufed in revolving problems by feveral of the 
naoft eminent mathematicians in different ages* and in this » 
particularly by M. EuLER. 

2, The following obfervation, I believe, was firft publifhedi 
in the Medhationes, in the. year 1770, , viz. that the conver- 
gency of the approximate values, found by the rule of falfe 
and method of . infinite feries,, generally depended on this, . viz., 

horn 
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liow^much nearer the approximate afTumed is to one value 
of the quantity fought poflible or impoflible than to any other, 
and not to the quantity, itfelf ; hence, when two or more («) 
values of the quantity fought are nearly equal, it is neceffary 
to recur to more difficult rules, vi%. to three or more trials ; 
as, for example, let two roots be nearly equal, and write 
a, a + 7T t and a +f, for the unknown quantity in the given* 
equation made=o, and let the quantities refulting be A, B, 
and C, then will more near approximations to the two roots 
nearly equal of the given equation be a + the two roots(Ar) of the 

•quadratic /* + -L-+ -£-. ) ** - (A x^ + Bx ^^—r + 
* — ) x-i-A~oz for write o, tt, andp, refpe&ively for x in 

( • (?— *M -,.•■'■■■. 

the equation, and there will refult the quantities A, B, and C. 

More generally, fubftitute for x in the given equation the 
quantities a, a + w, a + p, a -f» o-, a + r, a + u, &c. where tt, f, cr, r, 
&c. are very fmall quantities ; and let the quantities refulting 
be A, B, C, D, E, F, &c, ; then will more near approximations 
to the (») roots of the given equation be a + a, a+@, a + y, 
a + $, Sec. where a, jQ, y, £, &c. &c. are the « roots '(e) of the 

given equation i \J w?cr ^ * A + J ( J^J^J^ 

B C \ /A B C 

5r(*-- f ) £(«-«■)/ " 'W 0, f *-5)(»-<p f(P-f)(f-<r 
•n \ * . f A B 

.. — ) x e . * - .«■ . e— p+. I — ^ + - r — - 4. 



C . D , E 



. .__ + —, ^— + -^ ) 

e (g_7r)( s ~o-)( e -T)&c. <r(<r — 5r>(ff-.g!(<r-T)&c. t(t- ff(T-g((r-tf)&c. / 

— - /A B _ C 

(£-r) 
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__ .)e.e — 7r . e — p . e — tr . <?— r + &c. = o. 

Their refolutions were firft given in the Mbditationes Ana- 
lytica r publifhed in the year ^774, and require the extra&ioa 
of a quadratic, cubic, and' in general of an equation of (n) 
dimenfions ; which rules will often, give a nearer approximate 
than the. preceding, when the roots are not nearly equal. 

3. Thefe rules may be applied to find approximations to the 
roots of algebraical equations : for example, let the algebraical 
equation be #* — ^x"-" 1 + g#"~"* — &c = a, fubltitute in it for x 
two quantities a, and a -he much nearer to one root than to any 
other, and there refult a" — pa"- 1 + qa"- z ~ &cc - :A, and' (# + *)« 
i ~p(a-ke)"- I +f(a+.e)"- z -&c»=:Bi then,, by the: rule, of 



n~- 1 



falfe,, B - A : ev. A : a „ t 1Z P \^ + il_ ^ ■ =b % 

whence <? -fa near approximate value to. the root fought. If the 
quantities,in which are involved e , <?% e% &c. on accoun t of "e being 
very fmall, be reje&edj then will the approximate fought bzz 

a —;« r {«■ .--_«._■_• . . which will nearly be the fame 



na"~ 1 -n-ipa z + n-~2qa. 3 -&c. 



as found, where a near approximate is given,, from the method 
given by Vieta,. Harriot, Oughtred, Newton, De 
Lagny, Halle y, &c, 

4. From this expreffion it follows, that if (s) be a root of 

the equation na"— 1 -r-n- ipa"~ z + Sec. — o, of which the roots 
a?e limits between, the roots of the given, equation, the ap- 
proximation found will be infinite. 

5. In finding thefe approximations,, when there are two or 
pore quantities contained in the given equation dependent on 

eactti 
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each other, as? the arc and the fine, it is neceflary that both 
fhould be corrected in every approximation to fueh a degree : a& 
the fubfequerit approximations require. 

6, In.the Meditatioms . it is obferved, that in any algebraical 
equation x n - axf- 1 + bx*~* — c x n ~~* + d% n ~* -. ex"~ s . . dbgx*~ m + * ^ 
^ n - M =!3^^- , ^ 1 ^/* B -^- a ^&c.~Q,- if <? be-much greater than 

— - and - has to - a much greater; ratio than a i - ; and in the 

fame manner 4 has to - a much greater ratio than - : -, and 
* c ° a b 

fo on:; then will « be a near approximate to the greateft; root 
<of the algebraical equation ; - a near approximate to the fecond J 

- a nearappropmatert©. the- third* and ? a near approximate to 

a root, which is much lefs than m roots- of the given equation , 
but much greater than the, remainingj(« — m "~ 1 ) ro °ts. 

If the equation above-mentioned #"=±=dW""" I + &c.:rQ, or 

which is the fame, i=s=- •f- T =b&c. = o be infinite; then will, 

■•■■■■•;*■ x x 

•in like manner, all; its rootSi be; pofliblej and their approximate 

h r 

values <?,. — ■» t » &C- as before. 

This eafily appears by fubftituting for #, b, c, &c, their 
values in terms of the root of the equation. 

y. Anearer approximate to the above-mentioned root will be 

8. Equations, of which the fluxions of the quantities cou« 
tained in the given equations can be found, may be reduced to 
infinite algebraical equations, in which is involved no irrational 
fun&ion of the unknown quantities contained in the given equa- 
tions by the incremental theorem;- vi%* let Aio be the given, 
^ equation, 
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equation, and (a) an approximate much more near to the root 
required (t) of the given equation than to any other : write a for 
(x)the unknown quantity fought in the fubfequent quantities, A, 

— » -»» — > &c.; and let there refult the correfpondent quan- 
tities «, @, y, S, &c. ; then will tt - a be a root (e) of the infi- 
nite equation u±^Be + -^— ye z =±= — le 3 + - — - ee 4 =*=&(:. 

* I . 2 r I-2-3 1.2.3.4 

= 0, of which a root of the equations a=fc/3e = o, «=♦=#<? + 
- — ye 2 = o, &c. will be an approximate. If two roots of the 

given equation are nearly = a, then it is neceffary to recur to 
an equation not inferior to a quadratic. 

9. The fucceffive approximate values found bythefeand like 
rules will ultimately be to each other in a greater than any geo- 
metrical ratio : for example, let ~ be an approximate to a root 

of the quadratic x* - ^a + s~)x + as = o t then will the new ad- 
dition to the approximate to the root s found by the common 
method at the diftance n- 1 from the firft approximate be 

-£— nearly, where i>= 2"~ z . 



1 o. Let an equation x" - Vx"— 1 + Qx"~* - Rx*~i -f Sx""* — &c. 
= o, of which the roots are a, b, c, </, &c. ; and an equation 
x^-px"- 1 + qx"- 2 -rx''-3+sx"-*--&;c.=:o, where /», q, r, s, 
&c. differ from the co-efficients P, Q, R, S, &c. by very fmall 
quantities : aflume the («) equations 7r+p + <r + T + &c. = p - P 
= «, aK + fy + c<r-t ^t + &c = P«-^+Q = /3, «V + #f + cV + 
^ 2 t + &c. = PjS-Q« + r-R«y,tfV + ^p + ff , (r + ^ , T+ &c. = 
Py — Qj3+-R«-J + S = J, &c. ; and from them find the un- 
known quantities tt, £, a-, t, &c; then will tf + cr, £ + f, c + <r, 
</+ t, &c be nearly the n roots of the equation x" ~px n ~ l + £*"-* 

Vol.LXXVI. O 



fl« A„ W — * » - *-»* 



n-wm . i n«»z - 



>■ 



98 Dr. Waring c« 

-&c.=c,and consequently 7r,c,&c.nearry-' 

»«" '—n~\fd' '•f&c. 

-• ' _= ^-~^ r &c. ; whence the eonvergency of the ap- 

nb" —n—ipb -f&c. 

proximate values found by this rule depends oil the principle 
before delivered. 

10. Let there be given (jnj equations, which contain m 
unknown quantities x f y, %, &c. ; and let ot, /3, y, &c. be- 
nearly correfpondent values of the unknown quantities x, y r 
&c. refpectively : affume n + 1 different values of the quantity 
*, viz. «, u-\-7r, a + Tr', oi + 7r // ,- &c. &c. ; and in like manner 
affume «-M different correfpondent values of the quantity y+ 
which let be /3, /3 + £, j6 + {, ]S + p"> &e. %, and fo of the remain- 
ing; where tt, 7r / ,.7r // , &c p, p', p", &c. &c. are very fmall quan- 
tities; fubftitute thefe quantities for their refpecYive values in the 
given equations, and let the refulting quantities be A, B, C,. 
D, &c. in the firft equation ;, P,, Q, R, S, etc. in the fecond, 
&c. &c. : affume from the firft equation the n fimple equations 
av + l>% + &cc.=.B-A, an + fy+&c.= C-A, a-n" + b§' -f &c... 
~D — A, &c. ; and from the fecond equation the n fimple 
ones fa + fy + &c. =()-¥, kv' + ^ + &c. = R - P, hn' + kf 
+ &c. = S — P, &c. From thefe equations can be inveftigated 
the co-efficients- #, £, &c.J>, £, &c. &c; ultimately affume the 
«j equations A + ^ + ^/ + &c. =-o,. P-f£<? + £/+ &c. =0, &c„< 
from which can be deduced the values of the quantities e, /,. 
&c.,;. and ."« + <?, jS+/, &c. will be more near values of the 
quantities, x t y t &c. 

11. Sir Isaac Newton found the fum (A), of the zn thi 
power of each, of the roots of a given equation, and then ex- 
tracted the 2« th root of A, viz. \/A. for an approximate value 
of the greateft root of the equation, and further, added fome 
fibular- rules on the fame principle.- la. 
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In the Mifcell. Analyt. and Meditaiioms tHe Tame principle is 
applied in different rules for finding approximates to the 
greateft and other roots of the given equation ; and alfo limits 
of the ratios of the approximate values of the roots- found by 
thefe rules to the roots themfelves are given. 

It is obferved in the Meditationes, that from thefe rules in ge- 
neral to find the greateft root, it is often neceffary that the greateft 
poffible root be greater than the fum of the quantities con- 
tained m the poffible and impoffible part of any impoffible root 
of the given equation : for example, if a-\-b %/ — i be an im- 
poffible root of the given equation, then it is neceffary that the 
greateft poffible root be greater than a + b. 

It may further be obferved, that in equations of high dimen- 
fions (unlefs purpofedly made) it is probable, the number of, 
impoffible will greatly exceed the number of poffible roots ; and 
confequently thefe rules moft commonly fail. 

12. M. Bernoulli affumed a fraction whofe numerator is a 
rational function of the unknown quantity, and denominator 
the quantity, which conftitutes the equation ; and reduced the 
fraction into a feries, whofe terms proceed according to the 
^imenfions of the unknown quantity; and thence found an 
approximate value of the greateft or leaft root of the given 
equation or its reciprocal, by dividing the co-efficient of any 
term of the feries refulting by the co-efficient of the preceding 
or fubfequent term: for example, let the equation be 
a" - px*- 1 + qx*-* - r#"-3 + sx«-* . . ±Vx 'q=Q**=fcR*:pS = o ; af- 

fume the fradion **""'-~* K:>~ 2 ?*"~l-^* r 4 + &c - m 

nx]- 1 +(a+|Q + y + ^+ &C.) X~ l + (a 2 + /3* + y + .5* + e* + &C.) 
■r~ 3 + («' + jQ J + y 3 + # 3 + a 3 +&c.) x~4 + («* + j3 4 + / + i* -f-e 4 + 

O 2 &C.) 
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&C.)^~5 . , . . + (as*- 1 -j- jQ— 1 + y n ~ * + &C. = P)*~ w -f («* + £» 4. y 

+ &c. = Q.) * _W - I + (a w+1 +iQ M+I + y ra+, + &c = R) ■*—-» + 
&c. ; then will g- or v'.Q, be the greateft root nearly. 

S~R* + Q* 2 -P* J +&e. . v * n \ * (3 y ^ 

I~f &c.) * 3 + + (-^+^+^4- &c. =?) *—+; 

&c. ; then will ~ or y^- , the leaft root nearly. 
Ex. 3. ; ' ■■■■■ • = ^~ 8 + (« + /3+y4-^-h&c.>-»^ 

+ (« +jS I + / + &C.( + «jQ+«y + i3y + «^ + &C.))^~ , '~ a + (a 3 + 
j(3 3 + y 3 + &c.( + « 2 /3 + « 2 y + /3> + /* +.y*jS + &c.) + «/3y + «/3^+ 

«yJ+ W+ &c)) *— s + fcc; and — — ~~ — ; = 1 -f- 

a? 2 + &c. in each of which all the numeral co-efficients are I. 
The approximate values to the greateft and leaft root may be 
found in the fame manner as before. 

From the preceding examples it appears, that the fame ob- 
fervations which have been applied to Sir Isaac Newton's, 
method are equally applicable to M. Bernoulli's. 

13. In the Meditation.es, this, rule is further extended, viz. 
let the given equation involve irrational and other functions of 
the unknown quantity ; reduce it fo that no function of the 
unknown quantity •(#) maybe contained in the denominator, 
and let the refulting equation be A = o» Aflume a fraction 

A a 
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~ , whofe numerator B is a finite rational and integral fun&ion 

A. 

of the unknown quantity ; reduce — into a feries proceeding 

according to the dimenfions of the unknown quantity: for 
example, let the feries be A V + B V+' + Cx r +" + . . . + 
LiX r + ! ' + Mx r + l + I ' + 'Nx r + 1 + i ' + &;c. ; then fexceptis excipiendis) 

if j be negative, will the greater!: root be y^- nearly; but, ifj 

be affirmative, \[— will be the leaft root nearly. If /be infi- 
nite, then (exceptis excipiendis, as before-mentioned) the quan- 
tities yj-f- and \J— will be the above-mentioned ^ roots accu- 
rately. 

Thefe principles have been applied to find the remaining root? 
of the given equation as well as the greatest, and leaft. 

14. The rule of falfe has been found very ufeful in finding 
approximates to the two unknown quantities contained in two 
given equations, and has been applied to (n) equations having 
(n) different unknown quantities : for example, it has been ob- 
ferved, that if two or more (m) values of an unknown quan- 
tity (x) are nearly equal to each other and to its given approxi- 
mate value (#'), the unknown quantity v = x - x' will afcend 
to two or more (m) dimenfions in one of the refulting equa- 
tions; or in more than one equations will be contained fuch 
powers of the quantity (v), that if the more equations were 
reduced to one whofe unknown quantity is v f the refulting 
equation will contain (m) dimenfions of the quantity v. Hence 
it appears, that iri this cafe alfo the convergency of the ap-; 
proximate values found will depend on the given approximate, 
being much more near to one root than to any other. 

15. Whea 
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15. When the given equations A = o, B = o, C = o, &c. 
contain irrational or other quantities whofe fluxions can be 
found ; and approximates i(a, b, c± d, &c.) are given to each of 
the unknown quantities (#, y, z, v, &c.) contained in the 
given equations ; let a -f x' ~ x, b +y' =y t c + %' = z, d + v' = v, 

&c. : fubftitute in thequantities A,/ a* ) t f£\ ^ fv\ ? fv\ y 

&c. : (4), (A), (i), (|3, & o. i (ij > d), &cfor 
x, y, %, v., &c. refpe&ively a, £, c, </, &c. ; let the refulting cor- 
arefpondent values be A', ('—) , f — ) » &c whence may be de- 
duced the equation A' +((!£) • + (■¥)/ +{-£)*' +(^!) 

^y+f- A I!)^ / z / + &c.)+&c. = o in which no irrational, &c. 



#* 



function of the approximates #', ^, z', &c. is contained ; and 
in the fame manner may the remaining equations B = o, C— 0, 
&c. be transformed into others, in which no irrational funo* 
tion of the approximates (#', f, *', &c) is contained, and 
from the refulting equations may be found approximate values 
of the quantities x\y\ %% &c 

If there be given only two equations A = o and B = o con- 
taining two ^unknown qualities * andj/, and all the quantities of 
the refulting equations, in which are contained more than on* 
dimenfion of the quantities x' and y' be reje&ed, there will re- 

fult the; two equations A' +f^)^+/£^j / =0 and B'+j 

~) x '**" C "T? ^' ~ °* ^ &m W ^" I( ^ 1 ma r ^ found #' arid /, the 

fame 
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fame as given by Mr. Simpson and otherss. When two or 
more values of the quantity x are nearly —a, then in a refult- 
kig equation or equations, quantities of two or more dimen* 
fions of the approximate x / are to be included* 



PART Iff.. 



1. THE firfl algebraifls divided' quantities* and extracted 
their roots no further than the quantities themfelves : they 
did not perceive the utility of proceeding any further,, other- 
wife the operation would have been; the fame continued* Mr» 
Gregory St. Vincent,., and Mr. Mercator divided, and' 
Sir Isaac Newton divided and extracted the roots of quan> 
titles (in which only one unknown quantity (x) is contained) 
by the operations then ufed by arithmeticians, into feries 
afcending or defcending, according to the dimenfions of x in 
infinitum.. They clearly faw the utility of it in finding the 
fluents of fluxions, as Dr. Wall is and others fame little 

m 

time before had' found' the fluent of the fluxion ax" icy or, which 

m 

is the fame, the area of a curve whofe ordinate Is ax" and ab* 
fcifla is x. 

2. M.. Eeibnitz: aflced from Mr. Newton the cafes in 
which the above-mentioned feriefes would converge ; for ip. 
would be altogether ufelefs when it diverges, and of little ufe 
when it converges flowly* 
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Caf. i. To this queflion an anfwer, I believe, was firft 
given in the Meditationes, viz. reduce the function to its loweft 
terms ; and alfo in fuch a manner that the quantities contained 
in the numerator and denominator may have no denominator :. 
make the denominator Q = o, and every diftinft irrational quan- 
tity contained in it=o ; and alfo every diftinft irrational quan- 
tity H contained in the numerator =o ; then, let « be the leaft 
root affirmative or negative (but not =o) of the above-men- 
tioned refulting equations, the afcending feries will always 
converge, if the value of x is contained between « and — a ; 
but if x be greater than a, or -«, the above-mentioned feries 
will not converge. 

If the above-mentioned feries (S) be multiplied into x, and 
its fluent found ; then will the feries denoting the fluent con- 
tained between two values a and b of the quantity (x) con- 
verge, when a and b are both contained between a, and — a i 
the fluent always converges fafter than the feries S, the un- 
known quantity x having the fame values in both. 

Ex. Let f ; = A* + iBx*--HCx 3 4- &c. and 

the roots of the equation a + bx + cx 2 + . . x n ~o be a, /3, y, J, 
&c . . th e n £_— = ^JL + JL + &cc,=Ax + B X x + 

C*** + &o; but — = -*- + ^ + 5* + &c - in infinitum, -±- = 

L. + i^ + tjf. + Scc. &c; the former feries converges when * is 

p ^ p ^ p . 

contained between a. and - «, the latter when x is between 
/3 and #, and fo on. In the fame manner the fluents 
fit - x + ~+&cc. 1 fit. = tl + if* + &c. &c. a fortiori con- 

verge when x is between a and - «,, and — & &c refpec- 
t'vely, and fo on : hence the feries A* + fB*"+ iC# 3 + &c. 
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_/L — i =flL + PJL+PJL+ &**(•+ ± +■ 

"~Ja+bx+cx z .. x" J . »-# J ff-x\J 7 -x \ «, & ' 

- + &c.) #+(^+1+^+ &c.) x* + &c. always converges 

when x is between a and — «, where a is the leaft. root of 
the above-mentioned equation ; but where x is greater than «, 
or - «, the feries will diverge. 

The infinite feries a" + ma m ~ mt x 4- m . — ■ - a m ~ z x i -f &c. = 4- # 

2 

will always converge when a is greater than x, and diverge when 
lefs, and confequently its convergency does not depend on the 
index w, unlefs when x=:^=a : and in the Meditationes Analy- 
tics are given the cafes in which it converges or diverges when 



rptf = x; and alfo if the feries x m 4- max"-" 1 4- &c. =x + a defcends 
according to the dimenfions of at, when it converges or diverges. 
Caf. 2. Let the above-mentioned quantity be reduced into a 
feries A^~ r + B^ -r ~ I + &c. defcending according to the dimen- 
fions of the unknown quantity x; then will the feries Ax~ r + 

Bx- r ~>+ &c. =P, or the feries Ay "T ,' - 5£T + & c . = fPx con- 

verge, when x is greater than the greateft root (a) of the 
above-mentioned equations, and diverge when it is lefs; and 
confequently in this cafe, when the fluent is required between 
the two values a and b of x ; the feries found will converge 
when a and b are both greater than x. 

Caf. 3. When x is equal to the leaft root in the former cafe, 
and to the greateft in the latter, then fometimes the feries will 
converge, and fometimes not. Thefe different cafes are given 
in the Meditationes -, but it would be too long to infert them in 
this Paper. 

4. If any roots are impomble as a — bs/ — 1 and a + bs/ — 1 , " 
then the feries will converge when x is in the firfl cafe 

Vol. LXXVI. P lefs 
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lefs than =*= (a — £), and in the fecond cafe greater than 
=ti(a + b); or, more general, it will converge in the fifft 
cafe when #" is always infinitely le.fi than the reciprocal 

of the quantity ■—. — ; T « »*" ! * where « is infinite ; 

and in the latter cafe it will converge when a" is infinitely 
greater than P.. 

It may not be improper to obferve, that the fame values of 
the root are to be applied in the equations, which are applied 
in the feries. 

3. Sir Isaac Newton, in the binomial theorem, reduced 
the power or root of a binomial into a feries proceeding ac- 
cording to the dimenfions of the terms contained in the bino- 
mial. M. de Moivre reduced the power or root of a multi- 
nomial into a like feries; but in all cafes, except the moft 
fimple, we muft ftill recur to the common divifion, extraction 
of roots, &c. 

4. Meff. Euler, MaclAurin, and other mathematicians, 
finding that the feriefes before- mentioned often converged flowly,, 
or, if the truth may be confeffed, commonly not at all, to 
deduce the area of >a curve contained between two values a and 
b of the abfcifs, or' fluent of a fluxion between two values a 
and b of the variable quantity x, interpolated the feries or area 
between a and b ; that is, found the area or fluent contained be- 
tween the abfciflae a and a -f «, then between the abfciflae a+ct 
and a + 2«, and then between the abfciflae a + za, and a + 3a, and 
ib on, till they came to the area between b — ot and b. M. 
Euler obferved, that when the ordinate became o or infinite, 
the feries exprefling the area converges flowly j and therefore* 

z m 
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in order to inveftigate the area near the points of the abfcifs, 
where the ordinates become o or infinite, he transforms the 
equation, and finds feriefes expreffing the area near thofe points, 
in which feriefes the abfciffie or unknown quantities begin from 
thofe points. 

5. In the Meditattones it is afferted, that in a feries proceeding 
according to the dimenfions of x, if any root of the above- 
mentioned equations be fituated between the beginning of the 
abfcifs o and its end x f the feries wijl not converge : it is there- 
fore neceffary to transform the abfcifs fo that it may begin or 
end at each of the roots of the above mentioned equations, and 
confequently where the ordinates become o or infinite, &c; 
thofe cafes excepted where the ordinate becomes o, and its cor- 
refpondent abfcifla is a root of a rational function W of jtf 

without a denominator, and J WPtf is equal to the given 
feries ; and in general the abfciflae ought to begin from the 
above-mentioned points ; for if they end there the feries will 
converge very flow, if at all. 

6. It is further afferted, that if a and b y the values of the 
abfciflae between which the area is required, be both more near 
to one root of the above-mentioned equations than to any other, 
and n feriefes are to be found, whofe fum exprefs the area con- 
tained between a and b\ then that the fum of the (?i) feriefes 
may converge the fwifteft, the dtftances of the beginnings of 
each of the n abfciflae from the adjacent root will form a 
geometrical progreffion. 

7. Mr. Craig found the fluent of any fluxio n f the for- 
naula (<»+i«" + f**" + &c.)"« 9 ~ I x by a feries of the following 

P 2 kind 
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kind (a + Btf + cX" +&c.) w + I x *» x (ct+fcx'+yx^ + kc. in infi- 
nitum). Sir Isaac Newton, by feriefes of the fame kind, 
found the fluents of fluxions of this formula {a + bx* + ex*" + 
Sec.) 1 x (e +fx" +gx in 4- &c.) m x &c. X s — l x ; the fame principle 
is extended fo me what more general in the Meditationes. 

8. Mr. John Bernoulli found the fluent of any fluxion 

/nz = nz-~ + ~ %s — &c. from the principles which Mr. 
2» 2 . JiB r r 

Craig published for finding the fluents of fluxions involving 
fluents. 

In the Meditationes fomething is added of the convergency 
of thefe feries ; and alfo, 

f. In them a new method is given of finding approxi- 
mations. Let fome terms in the given quantity be much 
Jefs or greater than the reft; then reduce the quantity into 
terms proceeding according to the dimenfions of the fmall' 
quantities, or according to the reciprocals of the great quan- 
tities, and- it is done. If the fluent of the quantity refult* 
ing is required, find it from the common methods, if pofliblej 
but if not, reduce the terms not to be found into an infinite fe- 
ries, and then find approximate values to each of the terms, &c. 

Ex. I. Let R the radius, and A the arc of a circle whofe 
fine is S and cofine C, and Ac5=e an arc of a circle which* 
does not much differ from the arc A,, that is, let if be a 
very fmall quantity; then will the fine of the arc A =^e be 

*5i + ' ^i — &c); and the cofine of the fame arc 

a. 3 R 3 2 . 3. 4. 5 R 5 ' 

willbe Cfi- — xtr4- — J — ■ x e — — &c, .in.infinitum)=izS(— - 
v, a R 2 2 . 3 . 4 ft*- J ' \R 

1 

2 o * 
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5^ x £3+77^7^ * b~ &c ->* 
Ex. 2. Log. (x^ e )==J % ^ e -hg.x±ii^^^8cc,t 

Ex. 4 . f-7r~hr^s = A=4=:*-~=*«Ci. 






a/" 1 " 2 * 

Ex. 6. Let the fluxion be — —fLU where c is a very fmall 



quantity; then, if P be put for s/i •— •*% the fluxion becomes 

; _^_^_£^_ &c . of w hich the fluents will be found 
p aP 8P i6P 

■ A — - x o x ? * - — i otc. where Ar*.. 

2 2 o 4 10 6 

This, is the fwifteft converging feries for finding the length 
of the arc of an ellipfe nearly circular, which is yet known ; 
for example, let the abfcifs to the axis beginning from the 
center = x, the femi-tranfverfe axis of the ellipfe be i , 
its femi-conjugate i-d\ then will c— 2d-d 2 , and let the 
length of the quadrant of the ellipfe be required, in this cafe 

*=i, and P = x/Fr^ = o; and A^ I4I f ' . & c := 1,57079, 
&c. whence the length required is 1,57079, &c. x (i 



A e % 



1.3^ 1.3 -J' 1 *-3 -5-7^ 
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Ex.7.' Let the fluxion be x(a 3 4- a' + {^a~b + b')x -f (3^ 4- <:')#* 
+ (// + d'} x 3 )'*=-Pi, where a', £', c', &c. are very fmall quan- 
tities ; then will Px= ((ja + bxy KI + ma + 6x x (V 4- <£'# +c'x i 

3W — 6 



+ iV) 4- m . —7- a-k-bx x (V + 3'a.' + f'# 2 4- ^V) 2 4. &c.) x, 



•3«+i 



of which the fluent is — -,a+bx 4- m (a+bx)y"~ z x 

3«+ 1 . b N ■ ' 

f — x 3 H ~— a?" + rrx 4-7— — r, ) + & c - where the 

\(3«+i)i 3«6 (3m — 1)6 (yn~2)bJ 

letters A, B, C, &c. denote the preceding co- efficients. 

io. M. Euler and others, reduced the feries Ax" 4- Bx ,s ^- ! 4- 

CV+" 4. &c. into a feries A / fin. r«4-B fin. ;"4-'J«+-5pc. &c. 
where a denotes the arc of a circle, whofe fine is ax, &c. 
It 'may be eafily reduced into infinite other feriefes proceeding 
according to the dimenfions of quantities, which are functions, 
of x ; but it is moft commonly preferable to reduce it into 
feriefes proceeding according to the fines, cofines, tangents, or 
fecants of the arcs of circle, which fines, &c. can immediately 
be procured from the common tables. 

It has been obferved in the firfi; part, that to find the root of 
an equation, an approximate value much more near to one root 
of the equation than to any other muft be given. In this part 
it is further obferved, that feriefes deduced from expanding 
given quantities, fo as to proceed according to the dimenfions 
of the unknown or variable quantities, will not converge if the 
unknown quantities be greater than the leaft roots of the above- 
mentioned equations ; and that they will not converge much, 
unlefs the unknown quantities have a fmall proportion to the 
leaft roots : and if the given quantities be expanded into 
feriefes defcending according to the dimenfions of the unknown 
quantities, then the feriefes refulting will not converge if the 

greateft 



Infinite Series, 



in 



greateft roots of the equations before-mentioned be greater than 
the unknown quantities ; and unlefs the unknown quantities 
have a great ratio to the greateft roots the feriefes will converge 

flowly : for example,- the feriefes f -Z——x-*-£x' i +{k;C. i j-^% 
= 2- |z 3 -f.^a s — &c.,J^—J~r —y + 4.jK 3 -f&c. will never con- 
verge If x, z, or jy, be greater than i ; but will always coil- 
verge when lefs than =±=i or =±=i \/- I theleaft or only roots of 
the equations "< -f # = 0, i —y* — o, and r-{-5s a = o. The feries 
y+'^y 3 + Stc. will always converge when y is fituated between 
+ 1 and .— i, in which Cafe alone it is poffible. The fame is 
true alfb of a feries arifing from expanding the f(ax m -\-bx*— I + 

ca^- s + 8cc.)i m x into a feries proceeding according to the dimen- 
sions of *, if the equation ax m + ■bx m ~ l + cx m ~ z + &c. = o has 
only two poffible roots « and — «, which are lefs in the manner 
before-mentioned than any impoffible root contained in it. 

If in either of the above-mentioned feriefes the unknown 
quantity x, z, or y, has a great proportion to i, the 
feries will converge very flow; for example, if xzz-i, ten 
thoufand numbers at leaft are to be calculated, to procure 
the fum of the feries true to four figures ;; therefore, in thefe 
and moft other feriefes it is neceflary firft to find a near value, , 
viz. when * either =2,, when e is very fmall ; or = e, when z is : 
very fmall; and then write z+e for x in the quantity, and s 
reduce it in the former cafe into a feries proceeding acpording 
to the dimenfions of e, in the latter cafe according to 
the dimenfions of ss, and' there will arife two feriefes, of 
which the fluents properly corrected, viz. by adding the 
fluent contained between the values a and e to the latter, 
and that between a and z to the former, will give the fame. 

fluent. 
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fluent. The firft term of the feries, in which e is fuppofed 
very fmall, will be the fluent of the given fluxion, when 
x == %. 

1 1. If a fluxion P#, where P is a function of*, be transformed 
into another Q%> where QJs a function of %, and they be 
reduced into feriefes A and B, proceeding according to the di- 
mensions of x and % refpectively ; find « and 71- , correfpondent 
values of the quantities x and z ; then in afcending feriefes, if 
a. has a lefs ratio to the leaft root of the equation P = o, than t 
has to the leaft root of the equation Q30, the feries A 
(exceptis excipiendis) will converge iwifterthan the feries B. 

12. Dr. Barrow, in fome equations, expreffing the relation 
between the abfcifs x and ordinate jy, found y in the two firft 
terms of x, viz. y=za + &x, which is an equation to the afymp- 
totes of the curves. Sir Isaac Newton, from an algebraical 
equation given, expreffing the relation between y and x, found 
a feries proceeding according to the dimenfions of #, expreffing 
y in terms of x. M, Leibnitz performed the fame problem 
by afluming a feries Ax"-\-Bx"+ r ~{-Cx"+ zr -f&c. with general 
co-efficients, and fubftituting this feries for y in the given equa- 
tion, &c> from equating the correfpondent terms he deduced 
the indexes and co-efficients. M. de Moivre, Mr. Mac 
Laurin, &c. obferved, that when the higheft terms of the 
given equations have two or more (m) divifors equal; for 
example, (y — ax") m ; to which we mud add, and when a 
value of y in this cafe is required nearly equal to Ax" 7 a feries 

A#"-}-B# m + & c> 1S t0 be affumed, whofe indexes differ 
only by - , &c. if otherwife they would differ by r. 

This reduction ieldom anfwers any other purpofe than find- 
ing the fluents of fluxions as Aw, &c, ; or the afymptotes, &c. 

of 
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®f curves, which depend on fbme of the firft terms of the 
feries ; but will very feldom be ufed for finding the roots of an 
equation; the rule of falfe, or method given by Viet a, will 
ever be fubftituted in its ftead. 

1 3. The values of* may be required between which the above- 
mentioned feries A#"+B*"+ r 4-C** ,+sr 4-&c. will converge, as 
the infinite feries anfwers no purpofe when it diverges. 'Firft, 
if an afcending be required, write for y in the given algebraical 
equation an infinite quantity, and find the roots of x in the 
equation thence refulting P ==: o ; which for;y write in the fame 
equation, and find the roots of x in the refulting equation, 
which contain irrational quantities, viz. if one root bex=:ai 
then let it contain (x — a) m , where m is not a whole number ; 
find the roots of the equations refulting from making every 
irrational fun&ion of (x) contained in the given equation = o» 
there being no irrational function of y contained in it; then, 
if x be greater than the leaft root not z=zo of the above-men- 
tioned equations, the feriee will not converge ; but if it be a 
feries defcending according to the dimenfions of x, and x be 
lefs than the greateft root of the above-mentioned equations, 
the feries will not converge. 

In interpolating feriefes to inveftigate the fluent contained 
between two values a and b of the fluxion (A.x"-\-Bx n+r -{-&cc.')tx f 
it is preferable to make the abfciffae, begin from every one of 
the above-mentioned roots contained between a and b. 

Moft commonly thefe feriefes will not converge unlefs * 
be lefs, &c. than other quantities not inveftigated by this rule. 

14. Sir Isaac Newton gave an elegant example of this rule 
in the reverfion of the feries, y ±* ax-^bx 1 -\-cx % -\-&cc. from which 
the inveftigatioa of the law of the feries has never been 
attempted. In the year 1757 I feat the firft edition of my 
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Meditatknet Algebraica to the Royal Society, and publifhed il'm 
1760, and afterwards in 1762, with another part added, on the 
Properties of curves, under the title of Mtfcellanm jinalytka, in 
all which was given the law of a feries for finding the fum of 
the powers of the roots of an equation from its co-efficients. That 
great mathematician M. Le Grange and myfelf printed about 
the fame time an obfervation known to me at the time that I 
printed the above-mentioned book, that the law of its powers 
and roots, if it proceeds in infinitum, is the fame; from 
which feries of mine, with great fagacity, M. Le Grange 
found the law which Sir Isaac Newton's reverfion of feries 
obferves. In the Meditatknesthe law is. given,, and the feries 
is made to proceed according to the dimenfions of x, &c 

15. It is afferted in the Meditationes, that in moft equations 
of high dimenfions, unlefs purpofedly constituted, the fum of 
the terms which* from the given hypothefis,. become the 
greateft, being fuppofed:=o, only an approximate to the value 
A** of y in the refultiBg equation can by the common algebra 
be deduced. In this cafe the approximate to the quantity A is 
to be found fo near as the approximate value of the quantity 
fought requires; or perhaps it is preferable to correct in. every 
operation the approximate values of the quantities A, B* C, &c. 
in the feries required 1 AV+ B'x"+ r + CV+ * r + &c. 

In the equation the quantity %zi=e may be fubftituted for a:,, 
and from the equation refulting a feries expreffing the value ofjr 
may be found, proceeding either according to the dimenfions of 
the quantity z,. or its reciprocals, according to the conditions of 
the problem, 

16. If there are more than one («) equations having («+i) 
unknown quantities (*,jy, %, &c.) : in each of the equations foty s . 
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z, &c. write refpedYively Ax n , A'x m , Sec. ; and fuppofe the 
terms of each of the equations, which refult the greateft from 
the given or aflumed hypothefis-=o, and from the refulting 
equations may be found the firft approximates Ax", AV% &c, 
either accurately or nearly; then, in the given equations for 
y, z, Sec. write / + (A + a) x" + Bx v + n ' + Sec.z' + (A 7 + aT) x m 
+ B / a:" , +""', where a, a\ &c. are very fmall quantities ; and fuppofe 
the terms of each of the equations which become greateft from 
the above-mentioned hypothefis reflectively = o, and from the 
equations refulting deduce the quantities a, a\ Sec. ; «', m' f 
Sec. ; B, B', &c. ; and fo on : or affume y = (A+ la + ai + 
Sec.) x n + (B + 16+ b 1 + &c.) *"+« + &c. ; % = (A" + 1 a f + a' 1 + 
Sec.)x a + (B'+ii' + 6'i+ Sec.)x a + ni + &c. &c. ; fubftitute thefe 
quantities for their values in the given equations, and from 
equating the correfpondent terms of the refulting equations 
may be deduced the quantities required. 

The differences of th? indexes »', &c. m\ Sec. may be de- 
duced by writing x", x m , Sec. for y, z, Sec. in the given equations, 
from the differences of the indexes of the quantities refulting* 
The fame principles may be applied in finding the above- 
mentioned differences, when two or more values are A*", Sec. 
which were applied in a like cafe to one equation having two 
unknown quantities. 

The fame principles which difcover the cafes in which a 
feries deduced from an equation having two unknown quanti- 
ties will converge, may be applied for the fame purpofe to 
thefe feries. 

17. In the equations for x,y, z, Sec. write refpectively x' + e, 
y' '+/» z '+g, Sec; and from the equations refulting find y\ 
%\ Sec, in feriefes either proceeding according to the dimensions 

Qjs of 
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of tjie quantities e,f, g, Sec. ; or according to the dimenuons 

of the quantity x' t as the conditions of the problem require. 

1 8. Given one or more («) algebraical equations involving 
('»+«;)' unknown quantities, one unknown quantity (jy) may 
be exprefled by a feries proceeding according to the dimenfions 
©f the m— i remaining ones (x, %, v,..&c), in which any dimen- 
fions of 2, v, &c afllimed may be fuppofed to correfpond to (/) 
dimenfions of the quantity (x). 

ig. In a fluxional equation of the «z th order, expreffing the 
relation between x,,y, and their fluxions, where x is conilant, 
Mr. Euler fubftitutes in the given equation for j/ m y y m ~ r , j/" 1- *, 

i w -3,. &c. refpe&ively Ax n ~ m x m r -—■ — at*-****?-? ^ax""" 1 , 

* r J n __ m -fr i 

af-w-K^w-i 4. axx m —* + bx m ~ % , 



(« — m+ i){n— m-kz) "' "' * *""" " """ ' (n—m^- l){n—m-\-a.) 

xn-m+, 3 ^»-3 ^..i ^ ^«-3 4, b&x"~"* + c x m ~h, &c. where 

ctybyC, &c. are any quantities to< be aflumedin fuch a manner as 
the conditions of the problem require; from fuppofing the 
aggregate of the terms of the refulting equation, which are the 
greateft,=o*may be deduced the firfl: approximate A#",or elfe (as 
is beforementioned) AV a near approximate to Ax", and by pro- 
ceeding as in algebraical equations another approximate may be 
found, and fo on. The fame may be found by affuming ^ = 
Ax" + Bx"+ r + Cx"+ ir + &c, + ax" + bx"— 1 -f cx m ^ z + &c. or y .=r 
(A+ ia + ai + &c.)#" + (B + ib + bi + &cc.) x"+ r +(C + ic + ci 
+ 8cc.)x"+ zr + &c. + ax n + bx?- 1 + ex"'- 1 -fe &e, and fubftituting 
it and its fluxions for their values jy,jsjy, &c. in the given; 
equation, and fuppofing the aggregate of each correfpondent 
terms, which do not very much differ from each other, =o;_ 
from the refulting equations can be deduced the co-efficients 
A, B, C, &c. ; or A, ia 9 ai, &c«; B, lb, bi r &c. ; C, ic, ci r 
&c. &c. i in 
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In the given equation for y, x, and their fluxions fubftitute 

V +f* x' 4 g> an ^ tne ^ r fluxions, where the quantities/andgy 

&c. are aflumed, fo as to render the quantities f and x', &c. 

very fmall. 

In finding the feries which exprefles the value of y in terms 
of x, there will always occur as many invariable quantities to 
be aflumed at will as is the order of the fluxional equation, 
provided the feries begins from its firffc terms ; aad to find them 
there will refult equations eafily reducible to homogeneous, 
fuxional equations, of which, the orders do. not exceed m*. 




